CLASSIFICATION PROBLEMS AND NONLINEAR OPTIMIZATION:
SEPARATION BY MEANS OF NONLINEAR SURFACES
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Abstract. Classification is a machine learning technique aimed at assigning exactly one from
among several classes to each sample in a population, the sample being identified as a vector of
numerical values of a certain number of attributes. The classification process works as follows.
Starting from a dataset of samples with known class membership, a mathematical tool is developed
(the classifier) which is able to predict class membership for any newly incoming sample.

Construction of a classifier requires in general solution of a numerical optimization problem to
detect an ”optimal” separation surface in the space of the samples. Most of the classification methods
(e.g. the classic Support Vector Machine one) are based on the use of separating hyperplanes.

In this paper, instead, we focus on some recent classification techniques which use nonlinear
separation surfaces. We survey several approaches of both the supervised and the semisupervised

type.
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1. Introduction. The objective of classification, a relevant chapter of machine
learning, is to categorize data into different classes on the basis of their similarities.
The field has become more and more relevant as possible applications touch a quite
wide range of practical problems in areas such as text and web classification, object
recognition in machine vision, gene expression profile analysis, DNA and protein
analysis, medical diagnosis, customer profiling etc.

We focus on the binary classification framework where we are given two sets of
data expressed in the form of two sets of points in any given n-dimensional space.
Each point (sample) is representative of an individual characterized by n quantitative
parameters (features), which are assumed to be real numbers and, consequently, each
individual is completely represented by a vector in R™. The objective of any binary
classification model is to construct a criterion (the so-called classifier) for discriminat-
ing between the two sets, in order to categorize any new unlabeled point as a point
belonging exactly to one of them. The ability to correctly classify a new point is
called the “generalization capability”.

Classification deals, consequently, with separation of sets in finite dimensional
spaces by means of appropriate separation surfaces. Separation of sets has been a very
important field of interest in mathematics, we just recall here the celebrated Hahn-
Banach theorem. In particular, separability of two sets by means of a hyperplane is a
property of the geometry of the sets connected to the notion of convex set. Thus linear
separability of sets [31, 32, 16] has been at the basis of the most popular approach to
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classification, the Support Vector Machine (SVM) model [41, 22], where one looks for a
hyperplane separating the two given sample sets. Unfortunately data sets coming from
practical applications are very rarely linearly separable, consequently construction of
a classifier requires the choice of a hyperplane which minimizes an error function
penalizing point misclassification. For this reason, in the last years many researchers
coming from the mathematical programming community entered the machine learning
field, providing optimization tools aimed at minimizing such an error function.

In particular the SVM approach consists in calculating a hyperplane which both
minimizes the classification error and maximizes the width of the no-man-land be-
tween the two sets, in the sense that the separation margin (the width of the strip
around the separating hyperplane where no point of the two sets falls) is maximized.
This objective can be achieved by solving a structured quadratic programming prob-
lem and many efforts have been devoted in last years to design efficient algorithms
for such typically large scale optimization problems [27, 35]. Margin maximization
is aimed at improving generalization capability of the classifier, that is its ability to
classify correctly the new incoming samples.

Parallel to the development of SVM methods, the use of nonlinear separating
surfaces in the dataset space, instead of hyperplanes, has received in recent years
some attention. The objective of the paper is to survey such proposals, mainly in
terms of the numerical optimization algorithms which are required to construct the
surfaces. In particular we will consider the following approaches:

e Polyhedral separation

e Ellipsoidal separation
Spherical separation

e Conical separation
All of them are characterized by the fact that the separation process takes place in
the original input space and does not require mapping to higher dimension spaces.

Most of the classification methods we consider in this paper are machine learn-
ing techniques of the supervised type (clustering, instead, is a typical unsupervised
technique). In our framework, a classifier is constructed by assuming that the class
membership of all samples is known.

More recently semisupervised approaches have been intensively studied as well.
They stem from the observation that in many applications both labeled and unlabeled
samples are available; consequently the objective is to let both these two families of
data enter into classifier construction. The main advantage is that quite often in
practical cases most of the samples are unlabeled and then it appears appealing to
exploit the entire available information.

The semisupervised approach has been successfully used in classification algo-
rithms based on separation by means of a hyperplane (see for example [28, 29, 18, 2]).
Some attempts to use the semisupervised approach also in the framework of nonlinear
surfaces are in [3, 4]. In this paper we will survey also some semisupervised methods
in such area.

We now introduce more formally the definitions and notations in use throughout
the paper. Let

X:{xl,...,xp}



be a set of samples (or points) x; € R™.

In the supervised learning, we assume that, corresponding to any point x; of X,
a label y; is given. The case y; € R is known as “regression”, while, when the label
y; takes values in a discrete finite set, we come out with a classification problem. A
particular case of the latter is the binary classification, where, for each 7, the label y;
can assume only two possible values, +1 or -1, representing in fact for each sample
its class membership. The objective of the supervised learning is to predict the label
of any new sample only on the basis of the information of the labeled points (the
training set).

As for the semisupervised learning, we assume that the set X is partitioned into
two sets

X, = {(l‘i,yi) ‘ T; € Rn, Yi € {—|—1,—1}, = 1,...,]7}7
and
XU:{QTZ“.”L'Z‘ER”, i:p—l—l,...,p—l-k‘},

which are the sets of the labeled and unlabeled points, respectively, the latter being
those points whose class membership is unknown. Then the classifier is obtained on
the basis of the information coming from both Xy and X;. This may be appealing
especially when the number of unlabeled data is much more bigger than that of the
labeled ones and when to obtain the labels on the data is very costly: this is the case,
for example, of webpage classification and of speech recognition.

In setting the various classification models, we partition X into two nonempty
sets:

Xpo={(vi,yi) |z €R", yy =41, i=1,...,m}
and
X :{(xwyz)‘xlERna Z/i:*L Z:m+]‘”p}

Throughout the paper we use the following notation. We denote by || - || the
Euclidean norm in R™ and by a”'b the inner product of the vectors a and b. Moreover,
in correspondence to a finite set of points A in R", we indicate by |.A| its cardinality
and by conv(.A) its convex hull.

The paper is organized as follows. In section 2 we review some different ap-
proaches to supervised binary classification based on the use of nonlinear surfaces.
In particular, we describe the polyhedral separation in 2.1, ellipsoidal separation in
2.2, spherical separation in 2.3 and conical separation in 2.4. In section 3 are pre-
sented the semisupervised counterpart of two binary classification approaches based,
respectively, on polyhedral separation in 3.1 and on spherical separation in 3.2.

2. Supervised approaches. In this section we survey some approaches to bi-
nary classification in the supervised setting based on the use of nonlinear separating
surfaces. They share the common characteristic that the optimization problem to be
solved in order to find such surface is no longer a quadratic programming problem
(as in the SVM approach) and it is often of the nonsmooth optimization type [7].

In next subsections we consider separation by means of polyhedral, ellipsoidal,
spherical and conical surfaces in R".



2.1. Polyhedral separation. The concept of polyhedral separability has been
introduced in [33] and developed more recently in [8, 14, 26, 34]. In particular we
assume that the sets Ay and X_ are polyhedrally separable if one set is contained
in a polyhedron and the points of the other one are left outside it. In the sequel we
briefly recall the approach used in [8], starting from the following definition.

DEFINITION 2.1. The set Xy is h-polyhedrally separable from X_ if and only if
there exists a set of h hyperplanes {w(?) b;}, with w) € R™ and bjeR,j=1,...,h,
such that

o 27w +b; <1, foralli=1,...,m and for all j = 1,...,h;
e foralli=m+1,...,p, there exists an index j € {1,...,h} such that x?w(j)—&—
b; > 1.

On the basis of previous definition, a polyhedron separating X, from X_ is com-
puted as the intersection of h halfspaces associated to h hyperplanes.
The following property has been proved in [8].

THEOREM 2.2. The set Xy is h-polyhedrally separable from X_, with h < |X_]|,
if and only if

conv(Xy)NX_ = 0.

We remark that the role played by the two sets is not symmetric: in fact separating
X, from X_ is not the same as separating X_ from X,.

Once h has been fixed, a polyhedral separation of X, and X_ can be obtained
by minimizing the following error function:

zp(w,b) = |X 2 Z max {0 yi(xF w9 + b)) + 11+
(2.1) 1+
Ty | Z maX{O, . min [yz(z;T’LU(J) + b]) + 1]}7
| ,| i1 j=1,...,h
where w! := [wMT w®T . wMT]and b := [by, by, ..., bs]. Note that the weights

i Xl i and Ea X have been introduced to account for unbalanced cardinalities of the two
sets X, and X .

Separation is achieved whenever a solution (w, b) is found such that zp(w,b) = 0.
In general we minimize function (2.1) and stay content with any optimal solution
(w*,b*), even when zp(w*, b*) > 0.

Function zp is nondifferentiable; moreover it is nonconvex and nonconcave, but
it is quasi-concave. Its minimization corresponds to a min-max-min type problem
and then, differently from the linear separability case, it cannot be transformed into
a linear program. Embedding some ideas coming from nonsmooth optimization, in
[8] an algorithm where, at each iteration, the descent direction is obtained by solving
a sequence of linear programs was proposed.

Some variants of the above model are described in the literature. In [34] a mixed
binary programming framework is introduced and a polyhedral classifier based on



the trade-off between accuracy and generalization potential is discussed. In particu-
lar misclassification measure, separation margin and number of active attributes are
simultaneously considered.

Polyhedral conic functions are adopted in [26] to construct separation surfaces
by solving a sequence of linear programs. At first stage a polyhedral conic function
is obtained to partition the whole input space into two parts such that as many as
possible points of X are inside the corresponding sublevel set and all points of X_
remain outside. The points of Xy correctly classified are now excluded from further
consideration and the process is repeated on the remaining ones, thus generating a
new separating function. The process continues until all points in X} have been
located.

Finally maxmin separation has been introduced in [13], where two sets are sepa-
rated by means of a continuous piecewise linear function. In fact polyhedral separation
can be considered a special case of the maxmin one. Polyhedral conic functions and
maxmin classification have been jointly adopted in [14].

2.2. Ellipsoidal separation. A nonlinear classifier based on ellipsoidal separa-
tion has been developed in [9]. Other methods available in the literature are aimed
at calculating the minimal volume ellipsoid enclosing all the points of the set X’} (see
for example [36] and [37]).

Now we focus on the approach proposed in [9]. It consists in finding an ellipsoid
enclosing all points of A} and no point of X_. More specifically, the set X} is
ellipsoidally separable from X_ if and only if there exists an ellipsoid

A
E(Q)={zeR"| (z—z0)"Qzx —xo) <1},
centered in zyp € R™, with @ € R™*" symmetric and positive definite, such that
yil(zi —20) " Q(zi —w0) =1] <0 i=1,...,p.

The problem of finding a separation ellipsoid is not always feasible: such an
ellipsoid might exist only if the intersection of the convex hull of X} with the set X_
is empty; in fact, differently from the polyhedral separability case, this condition is
only necessary but not sufficient.

A possible approach is to minimize an appropriate measure of the classification
error, looking for an ellipsoid enclosing as many as possible points of X} and as few
as possible points of X_.

If the center ¢ is fixed (it could be selected as any centroid of the set X, ), the
ellipsoidal separation of Xy from X_ can be obtained by minimizing the following
error function:

26(Q) 2 ;max{o,ym — 20)"Q(a; — o) — 1]}

which is nonnegative, convex and piecewise affine, being sum of nonnegative, convex
and piecewise affine functions. As a consequence the problem

2.2 min z
(2.2) oer e(Q)



is a convex nonsmooth minimization problem, since the objective function zp is convex
and the space of the symmetric and positive definite matrices is convex as well [39)].

Problem (2.2) can be solved exactly by any semidefinite programming software
(for example [40]). In [9] a heuristic iterative descent algorithm of the local search
type [42] has been presented. In fact, given a symmetric and positive definite matrix
Q") (the estimate of an optimal solution available at the iteration k), matrix ollany
is computed as

Q*+) — Q) 4 ayapal,

where a; € R"™ is obtained by solving a quadratic program aimed at finding a descent
direction, while o, € R is an appropriate positive stepsize. In passing from Q*) to
QU+ a sufficient decrease condition on the objective function is satisfied.

Once xg has been fixed and the corresponding optimal value of @) has been com-
puted, a further improvement of the classification error could be obtained by moving
the center of the ellipsoid. This can be done redefining the classification error as
function of zy and minimizing the following error function:

2By (20) 2 ;max{o,yi[m — 20)"Q(x; — o) — 1]},

which is nonsmooth and nonconvex. In [9] the minimization of zg, is performed
by calculating, at the current point, the steepest descent direction. However, the
overall proposed approach is based on the alternation between the minimization of
2g, keeping ¢ fixed, and that of zg,, keeping @) fixed.

An alternative approach, where several ellipsoids are adopted for classification
purposes, is described in [23].

2.3. Spherical separation. A particular case of ellipsoidal separation is the
spherical one, obtained taking Q = (1/R?)I, where R > 0 is the radius of the sepa-
rating sphere and I is the identity matrix.

In this case the set X, is spherically separable from X_ if and only if there exists
a sphere S(zg, R), centered in g € R™ of radius R € R, such that

(2.3) yi(llzi — zol|> = R?) <0 i=1,...,p.

In addition, when inequalities (2.3) are strictly satisfied, then the sets X’} and
X_ are strictly spherically separated, i.e.

lzi — 202 < (R—M)? i=1,...,m

(2.4) i —xol|? > (R+M)? i=m+1,...,p,

for some M, the margin, such that 0 < M < R. Setting ¢ 2 9RM and r 2 R? + M2,
inequalities (2.4) become:
q+yilllzi —zo|> =7) <0 i=1,...,p.

In general it is not easy to know in advance whether the two sets are strictly
spherically separable; then in [10, 5, 6, 30] a classification error function has been
defined in order to find a minimal error separating sphere.



In particular, in [10, 5] a separating sphere has been obtained by minimizing the
following objective function:

p
A
28, (w0,7) = 7 C Y max{0, yi(las — xo* =)},
i=1

with M = 0 and r > 0. Note that in this model it is embedded also the objective of
minimizing the volume of the sphere. This is accounted for by adding to the error
measure also the radius, of course by means of a positive tradeoff parameter C.

More precisely in [10] an ad hoc algorithm that finds the optimal solution in
O(tlogt), with t = max{m,p — m}, has been presented for the case where the center
xq is fixed. It basically consists of two phases: the sorting phase and the cutting
phase. In the first one the sample points are sorted according to their distance from
the center, while in the second one an optimal cut is found. The adopted simplification
is rather drastic, nevertheless a judicious choice of the center (e.g. the barycenter of
the set X,) has allowed to obtain reasonably good separation results at a very low
computational cost.

In [5] the spherical separation problem has been tackled without any constraint
in the location of the center by means of DCA (DC Algorithm) [38, 1], based on a
DC (Difference of Convex) decomposition of the objective function. A similar DCA
approach has been proposed in [30] for minimizing the following error function:

P
A
25, (@0,7) = 1%+ C Y- max{0, yi(||zi — zol® — 1)},
i=1

with M = 0. The choice of zg, instead of zg, is motivated by the fact that using zg,
allows a DC decomposition where all the computations in DCA are explicit.

Margin maximization has been introduced in [6], where the following problem has
been defined:

xo,49,T

min 2S5 (x07QaT)
0<g<r,

p
AN
253($07q,7”) =C E :max{oayi(nmi - $0||2 - T) + Q} - q.
=1

Note that the term —gq is aimed at maximizing the margin. Moreover, similarly to
[10], also in [6] an ad hoc algorithm that finds the optimal solution in O(tlogt) has
been designed when in zg, the center xg is fixed.

2.4. Conical separation. A revolution cone in R™ is a set I'(zg, v, s) defined
as follows:

(2.6) T(z0,v,8) 2 {x € R" : s ||z — || — v7 (z — w0) = 0},



where xg € R™ and v € S,, C R" are, respectively, the apex and the azis of the cone,

with S, 2 {z € R™ : ||z|| = 1}. The scalar s € [0,1], called the aperture coefficient,
provides the half-aperture angle of the cone given by arccoss. Note that in some
applications zy might be constrained to belong to some set Xy C R™.

The sets Xy and X_ are conically separable if and only if there exists a revolution
cone I'(zg, v, s) such that

yilsl|zi — zo|| — ZT(.Ii —x9)] <0 i=1,...,p.

Observe that, since a hyperplane is a particular instance of a revolution cone (to see
this, just take s = 0 and ¢ fixed), linear separability implies conic separability, while
the converse statement is not true. Note also that minimizing the coefficient s amounts
to make the half-aperture angle of the separation cone as large as possible and, in
terms of classification correctness, this fact reduces the possibility of false-negative
outcome.

The corresponding optimization problem can be written as follows

min s
z0,v,8
yilsllzi — zol| = v (zs —20)] <0 i=1,....p
vl =1
0<s<1
T € Xp.

More specifically a conic classification model has been presented in [11, 12] where the
following problem is tackled:

min  zo(x,v, s)
T0,v,8
lvf* =1
0<s<1
xTo € Xo,

with

P
A
zo(xo,v,8) =vs+ ZmaX{O, yilllzs — xol|s — v (@ — x0)]}.

i=1

Note that in the above model possible misclassification of some samples is considered
and, in fact, the parameter v > 0 in the objective function z¢ expresses the tradeoff
between the two conflicting objectives of maximization of the half-aperture angle of
the cone and of minimization of the classification error. Moreover it is possible to
prove that the constraint |[v]|> = 1 can be replaced by

(2.7) Joll? > 1.

In [11] and [12] the two different cases where Xy is a singleton (in particular
Xo = {0}) or a polytope have been treated, respectively.



The former case has been treated in turn in two different ways; the first one
works by penalizing the norm constraint (2.7) and formulating the resulting problem
as a DC (Difference of Convex) program, while in the second one the constraint (2.7)
is linearized and a two phase method based on alternating a proximal-point-type
minimization and a feasibility restoration step is adopted.

Also for the second case (X is a polytope) two different approaches have been
devised. The first one is again based on penalization of the constraint (2.7) and on
alternating minimization first with respect to the couple of variables (zg,v) and then
with respect to the scalar variable s; again a DC decomposition scheme is adopted
as far as minimization in the variables (zg,v) is performed. The second approach
is motivated by the fact that, once xq is fixed, all the machinery developed for the
case when X is a singleton can be easily adapted. Thus the method is based on
alternating minimization with respect to (v, s) and xo.

3. Semisupervised approaches. As previously mentioned, quite often in prac-
tical applications class membership is not known in advance for all points in the
dataset. Semisupervised classification is a valid approach to treat such case: in fact
the samples are partitioned into labeled and unlabeled ones and they all enter into
the classification process in different ways.

In this section we describe two semisupervised models presented in [3, 4] char-
acterized by a nonconvex nondifferentiable objective function. In both of them (see
also [2] and [17]) the method described in [24] is adopted as a solver capable to cope
with both nonconvexity and nonsmoothness.

3.1. Polyhedral separation. We present in this subsection an approach em-
bedding the h-polyhedral separability into the semisupervised framework (see [3]).

We describe first how the semisupervised approach works when applied to linear
separability. In this case the TSVM (Transductive SVM) model proposed in [19] and
tackled in [2] deals with the problem of finding a hyperplane away from both the
labeled and unlabeled points; it is formulated as follows:

min  z(w,b),

weR", bER
where
a1 S
2(w,b) = §||w\|2 +C Zmax{o, 1—y(wha; + b))+
p+k =
Cy Z max{0,1 — [w” z; + b},
i=p+1

with C1,Csy > 0.

Function z is the sum of three terms. The minimization of the first term corre-
sponds to maximizing the margin (which is the main characterization of any SVM
model), the second one is aimed at minimizing the misclassification errors of the la-
beled points and the last term takes into account the minimization of the number of
unlabeled points in the margin zone. Parameters C; and C5 tune the trade-off be-
tween these different objectives. Function z is nondifferentiable and, due to the last
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term involving the unlabeled points, it is also nonconvex. In particular it is piecewise
affine, with the number of “pieces” depending on the number of samples, and, when
Cy = 0 (in this case the unlabeled points are not taken in consideration), it reduces
to the standard SVM error function.

The above problem has been tackled in different ways. In [20] the authors ap-
ply a standard gradient descent method to a smooth approximation of the objective
function.

In other papers the nonconvex nonsmooth nature of the objective function is faced
without resorting to any smoothing. In particular, in [21] the problem is reformulated
as a DC (Difference of Convex) one, while in [2] the bundle type method [24] previously
cited is directly applied.

Now we describe how such approach can be extended to the h-polyhedral separa-
bility framework [3]. Using the same definitions and notations as in (2.1), we consider
the following model:

3.1 i Z b
(3.1) werlin o, Zp(wW,b),
where
L
Zr(wib) = 50 I+
j=1
(T @) )
4 ;j:rrlli}.(’h{o, yi(z; w9 4+ b;) + 1} +
(3:2) p 4
C1 Y max{0, min [y;(a]w") +b;)+1]}+
i=m—+1 §=Lowensh
h p+k _
Cy Z Z max{0,1 — [wDTz; + b,|}.
j=1i=p+1

Function Zp is an extension of the TSVM error function z to the h-polyhedral
separability. In particular the terms corresponding to the minimization of the mis-
classification errors of labeled points are treated taking into account the different role
played by X, and X_. Note that Zp is nondifferentiable and nonconvex.

The above model belongs to the large margin classifiers class (see for example
[15, 20, 21, 25, 28]). In fact a relevant role in Zp is played by the first term, whose
minimization corresponds to maximize h separation margins, one for each hyperplane.
We recall that, in the SVM technique, the margin is the distance between two parallel
hyperplanes, each of them supporting one class. This concept is easily extended to the
polyhedral separation by considering h margin areas, comprised between h different
couples of supporting hyperplanes (see the example in Fig. 3.1).

Finally note that, when h > 1 and Cy = 0, we obtain the SVM version, while, for
h =1, function Zp reduces to function z.

3.2. Spherical separation. In [4] spherical separation of two disjoint finite sets
of points has been embedded into the semisupervised framework. In particular, an
extension of the margin spherical model (2.5) has been proposed by introducing an
additional term involving the unlabeled data.
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[¢] Xy
u X_
3 MARGIN

fw® by {w® b3}

Fi1G. 3.1. : The h-polyhedral separation margin for h = 3.

The basic idea is to exploit information coming from unlabeled samples by using
the same criterion which is at the basis of the TSVM model, i.e. to minimize the
number of unlabeled points in the margin zone. In particular, a point x; € Xy is in
the margin area if

llzi — zo|®> < (R+M)* and ||lz; — x0|]* > (R — M)?,
i.e.
min{ (R + M)2 — ||z — 3130H27 lz; — xOHQ — (R - M)Q} > 0.

Taking into account the definitions of ¢ and r given in subsection 2.3, we rewrite the
above formula as

min{q + r — ||z; — zo|?, |z — zol® — 7+ ¢} > 0,

for all points x; € Xy, it =p+1,...,p+ k, and thus the following merit function is
defined:

P
- N
Zsy(wo, 7, q) = C1 ZmaX{Qyi(Hfi —aol* =) + a3+

p+k =
Cy Z max{0, min[qg + 7 — ||z; — zo||?, ||lzi — zol|* =7 + 4]} — q,
i=p+1

where C7; > 0 and Cy > 0 are weighting parameters providing the trade-off between
the labeled and unlabeled terms. As a consequence, the resulting transductive model
is the following:

min 253 (‘T()v T, Q)
Zo,7q
0<qg<m

whose objective function is still nonsmooth and nonconvex.
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4. Conclusions. We have presented some optimization-based techniques for
solving binary classification problems which can be expressed in terms of separat-
ing two sets in a finite dimension space by means of nonlinear surfaces. We have
focused on both the supervised and the semisupervised framework.

We have reviewed several possible choices about the particular surface to be
adopted by considering polyhedral, ellipsoidal, spherical and conical separation.
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