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We study bilevel network design problems in which a first-level network operator makes binary de-
cisions on which arcs to include in the network, while a set of independent users at the second level
solve routing problems on the resulting network. A standard solution approach is to apply Benders-like
decomposition [1, 2, 3] to reformulate the bilevel model as a single-level mixed-integer problem that can
be handled by off-the-shelf MIP solvers. This reformulation is based on approximating the second-level
value function by linear inequalities, so-called Benders-like cuts, which are generated iteratively. The
approach starts with a High Point Relaxation, i.e., an approximation in which the second level is only
required to choose a feasible, but not necessarily optimal, solution. Whenever the solution chosen by the
second level is not bilevel-feasible, i.e., not optimal with respect to its objective, we add a Benders-like cut
that restores bilevel feasibility for the current first-level decision. The process is iterated till no violated
constraint is found.

The main challenge in using Benders-like decomposition is to derive high-quality coefficients for the
Benders-like cuts that accurately capture the impact of first-level decisions on the second-level value
function. To the best of our knowledge, no general framework exists for deriving such coefficients in
bilevel network design problems. As a consequence, one often resorts either to very large constants,
which lead to formulations close to full enumeration, or to highly problem-specific structures that are
difficult to generalize.

Against this background, our main contribution is an automated approach for generating Benders-
like cut coefficients for bilevel network design problems. Our idea build upon our recent work [6], and
naturally extends the recent approach of Zou et al. [7] for multistage optimization to the bilevel setting.
In their work, so-called Lagrangian cuts approximate value functions, with cut coefficients obtained
from an associated Lagrangian dual. We transfer this idea to Benders-like cuts by proposing a novel
Lagrangian dual whose optimal solutions yield valid cut coefficients. Due to the underlying bilevel
structure, the resulting Lagrangian subproblem is itself a bilevel problem, which is consistent with the
well-known fact that finding optimal Benders-like cut coefficients is essentially as hard as solving the
original bilevel problem [4]. However, for bilevel network design problems with multiple independent
users, our Lagrangian dual decomposes by user, reducing the original problem to a sequence of smaller
bilevel problems needed to generate the Benders-like cut coefficients.

We implement our approach in the publicly available open-access Julia package JuBiC (https:
//github.com/vstadnichuk/JuBiC) and conduct computational experiments on bilevel network design
instances with different structures. To further improve computational performance, we use column gen-
eration to solve the Lagrangian dual [5], which allows us to warm-start the solution process between
iterations. Preliminary results indicate that the approach is limited in settings where the problem struc-
ture forces near-enumeration of all second-level solutions in the Lagrangian dual, but shows promising
performance in scenarios where the first-level network operator faces strong competition that offers high-
quality alternative services to the users.
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