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Several network design problems require finding a spanning tree that minimizes or maximizes a prescribed
cost function, often under capacity or budget constraints [5, 6]. In a number of relevant variants, the
objective function is not defined in terms of local edge costs, but rather depends on global properties of
the topology induced by the solution, such as distances, hop-counts, or aggregate path lengths between
selected pairs of terminals. Problems of this type naturally arise in inverse or structure-driven optimiza-
tion settings, where the underlying network is inferred from global interaction data rather than being
directly specified.
Prominent examples arise in computational biology and hierarchical clustering. In these contexts, tree
structures are used to encode nested similarity relations among a given set of items, and the quality of a
solution is evaluated through objective functions that depend on pairwise dissimilarities and topological
distances. A representative example is the Balanced Minimum Evolution Problem (BMEP) [4]. Given a
set of items Γ = {1, . . . , n} and a dissimilarity matrix D = {dij}, the BMEP asks for an unrooted binary
tree, that is, a tree whose leaves are exactly the elements of Γ and whose internal vertices all have degree
exactly 3, minimizing the objective function ∑

i,j∈Γ
i̸=j

dij 2−τT
ij ,

where τT
ij denotes the number of edges on the unique path between leaves i and j in the tree T .

The BMEP is APX -hard and impossible to approximate within a factor cn, for some c > 1, unless
P = N P [3]. Moreover, the problem is extremely challenging in practice: current state-of-the-art exact
formulations can barely solve instances of size 32 within one hour of computation on modern hardware [2],
and the exponential decay in the objective function inherently leads to numerical instability. As a
consequence, several existing approaches rely on heuristic strategies that either attempt to infer suitable
edge weights on an auxiliary graph or simplify the objective function through approximations. These
include learning-based and machine-learning-driven methods [8, 1], as well as stochastic and local-search
approaches [7].

In this talk, we study the computational complexity of a family of structure-driven network design prob-
lems inspired by these models, focusing on spanning trees subject to uniform internal degree constraints,
as in the case of the BMEP. Our goal is to understand whether commonly adopted strategies aimed at
improving tractability fundamentally change the computational nature of the problem.

Problem 1 (Path-based objective under degree constraints). Given a connected undirected
graph G = (V, E) and a set of terminals Γ ⊆ V , consider the problem of finding a spanning tree T
whose internal vertices satisfy strict degree constraints and whose leaf-set is exactly Γ, minimizing or
maximizing the objective function ∑

i,j∈Γ
i̸=j

dij (τT
ij )α,

where dij denotes the dissimilarity between terminals i and j, τT
ij is the number of edges on the path

between i and j in T , and α ≥ 1 is a fixed scalar. We show that this problem is N P-hard, in both its
minimization and maximization variants, even under strong structural restrictions on the input graph.
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Problem 2 (Degree-constrained minimum spanning tree on an auxiliary graph). Assume that
the pairwise dissimilarities dij have been encoded into edge weights of a suitably constructed auxiliary
graph. We then consider the problem of finding a minimum spanning tree of this graph subject to strict
internal degree constraints. We show that this problem remains N P-hard, indicating that retrieving or
learning edge weights does not, by itself, disrupt the inherent computational difficulty.

These results show that most approaches that aim to enhance tractability or numerical stability—such
as replacing exponential terms with polynomial or linear approximations of the objective function—still
yield optimization problems that remain computationally hard. This provides a complexity-theoretic
explanation for the persistent difficulty encountered by both exact and heuristic methods in this class of
network design problems.
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