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Abstract

Wireless broadcasting network planning has been widely addressed in the literature and a large number
of models and algorithms have been developed. Most such models make use of MILP formulations both
to represent and to solve practical planning problems. We discuss a new systematization of the different
models presented in the literature by introducing a suitable problem hierarchy. We also discuss some major
drawbacks of classical solution approaches, and describe alternative decomposition strategies to overcome
them.
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1. Introduction

Planning problems in wireless networks arise in a broad variety of application settings, such as radio and
video broadcasting, mobile telephony, satellite communications and military.

Radio communication occurs between a couple of devices, i.e. a radio transmitter and a receiver. A wireless
network is a set of transmitters distributing services to a set of receivers. Both transmitters and receivers
are characterized by a set of radio-electrical parameters. Typical transmitter parameters are activation status,
emission power, transmission frequency, polarization, antenna diagram. Analogously, receiver parameters are
service status, antenna orientation, serving transmitter, etc. The general network planning problem consists
in establishing suitable configurations for the radio electrical parameters of the transmitters and the receivers
so as to maximize the customers coverage within a specified territory area (target area).

In the practical planning approach, the general problem is decomposed into a sequence of single-parameter
decision problems: each of the parameters (i.e. each family of decision variables) is managed indepen-
dently from the others. According to this practice, also most of the scientific literature focuses on the single-
parameter case. In fact, the two main streams concern with theFrequency Assignment Problem(FAP) in
which one can establish transmitter frequency and receiver service status, and with thePower Assignment
Problem, where one can establish emission power and activation status of each transmitter and service status
of each receiver.

The introduction of new technologies and the impressive increase of the frequency spectrum occupancy ask
for the investigation of new, more accurate optimization models. As a consequence, efficient algorithms to
the solution of the new models need to be developed. The authors experienced this fact within a series of
contextual experiences, carried out during the last seven years, in the design of the Italian audio and video
broadcasting system ([7, 6, 14]). In particular, these concern with both regulation issues in charge of the
Public Authority and implementation aspects relevant for private broadcasters. This paper aims to provide
a systematic view of the new (and the old) problems and to develop Integer Programming models which
are useful to solve relevant practical problems. The starting point is the fact that the coverage condition
of a receiver can be expressed by a linear function of the emission powers of the received signals. This is
the ground of theSignal-to-Interference(SIR) model described in Section 2., and widely addressed in the
practice and in the literature. Due to the large dimension of the resulting instances, such a model is generally
approximated by decomposing it into smaller, more tractable problems. This decomposition is typically



carried out in a heuristic fashion. Unfortunately, this approach fails to produce satisfactory solutions for most
instances of practical interest. In this abstract we illustrate two different reformulation techniques of the SIR
to get over such difficulty. In particular, a Bender’s like and a Dantzig-Wolfe decomposition are discussed in
Section 4.

2. The power and frequency assignment problem

A wireless networkdistributes itsservicesfrom a setT of transmittersover a portion of territory, referred
to astarget area. Transmitter configuration depends on a set of basic parameters: geographical location and
antenna height (physical parameters), transmission frequency and emission power (radio-electrical parame-
ters). Depending on the application, additional parameters may be involved, such as polarization (horizon-
tal/vertical), antenna tilt and time offset. We consider emission powers and frequencies as decision variables,
while all other parameters are fixed.

The frequency spectrum is subdivided into a setF = {1, . . . , |F|} of equally sized intervals calledchannels
(or frequencies). The set of feasible frequencies for transmitteri ∈ T is denoted byFi ⊆ F . It may
happen thatFi ⊂ F because of technical or commercial constraints (international agreements at boundaries,
licensing, etc.).

The transmission frequencyassigned to transmitteri ∈ T is denoted byfi, whilst Pi denotes itsemission
power, ranging in the interval[0, PU

i ]. For convenience, we also introduce thepower fadingpi ∈ [0, 1], that
measures power attenuation w.r.t. the maximum powerPU

i (i.e.,Pi = pi · PU
i ).

The target area is decomposed into a setZ of “small” areas calledtestpoints(TPs). Each testpoint, identified
by its coordinates, represents the behavior of allreceiverswithin it. A revenueuj is defined for each TPj,
typically related to the number of customers inj (for S ⊆ Z, u(S) =

∑
j∈S uj).

The signal emitted by a transmitter propagates according to transmitter directivity and orography. The power
densityPij (watt/m2) received in TPj from transmitteri is proportional to the emission power. In particular,
Pij = Aij · Pi, whereAij ∈ [0, 1] is defined through a propagation model (see [16]) and is given for each
pair i ∈ T, j ∈ Z. We refer to the matrix[A] = [Aij ]i∈T,j∈Z as thefading matrix. Finally, given a TPj,
T (j) = {i ∈ T : Aij �= 0} ⊆ T denotes the set of signals received inj. Among them, exactly one is elected
as thereference transmitter, the major (possibly the unique) candidate to distribute the service in the TP. This
is represented by a (characteristic) vectors ∈ {0, 1}|Z|×|T |, where

sjh =
{

1 if h ∈ T (j) is reference signal ofj ∈ Z
0 otherwise

(1)

A TP j is saidcoveredif the service is received “clearly”. The coverage evaluation depends on system type
(i.e., analog or digital; audio or video) and receiver behavior. However, a general model applies, with some
parameter customization, to most practical settings. In fact, the coverage condition for TPj whenh is the
reference signal is expressed by a linear inequality, referred to asSIR inequality, of the form:

∑
i∈W (j,h,f)

aij(h)pi −
∑

i∈I(j,h,f)

bij(h)pi ≥ dj . (2)

The coefficientsaij(h) andbij(h) are functions of the fading coefficientsAij , of the maximum powerPU
i

and of the (elected) reference signalh. W (j, h, f) ⊆ T (j) is the set ofusefulsignals, containingh and
possibly other transmitters inT (j). For instance, in analog broadcasting and GSM,W (j, h, f) = {h}. On
the contrary, in digital broadcasting (DAB-T, DVB-T, DVB-H)[14],W (j, h, f) may contain several signals
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in T (j), all at frequencyfh. The setI(j, h, f) ⊆ T (j) is the set ofinterferingsignals and contains signals at
frequencyf interfering withfh. Typically, this happens when the distance|f −fh| in the frequency spectrum
is below a given threshold. Remark that, in some cases, such as DAB-T and DVB-T and DVB-H, a transmitter
in T (j) may contribute to bothW (j, h, f) andI(j, h, f) [14].

According to (2), the coverage status of a testpointj depends on its reference signalh : sjh = 1, as well as
on the powers and the frequencies assigned toh and to the other transmitters inT . Thus, in order to assess the
overall network coverage we need to consider the power vectorp ∈ [0, 1]|T |, the frequency vectorf ∈ F |T |

and the reference signal vectors ∈ {0, 1}|Z|×|T |.

The vector triple(p, f , s) is calledconfigurationof the network. Thecoverage areais the subsetC(p, f , s) ⊆
Z of testpoints covered under the current configuration. We denote byu(C(p, f , s)) the total revenue, i.e.,
the sum of the revenues of the covered TP-s. Therefore, the general planning problem reads as follows:

Problem 1 (Power and Frequency Assignment Problem (PFAP)) Given a network(T,Z), the fading ma-

trix A, the power upper bound vectorPU ∈ �|T |
+ and the feasible frequency domainFi ∈ F for all i ∈ T ,

the Power and Frequency Assignment Problemis the one of finding a network configuration(p, f , s) such
that the functionu(C(p, f , s)) is maximized.

The PFAP is NP-hard [14].

3. Problem hierarchy

Most of the wireless planning problems addressed in the literature may be derived from the PFAP by suitable
assumptions on the configuration triple. Specialized versions can be obtained by including specific variables
and constraints.

PFAP → GFAP (Generalized Frequency Assignment)
Then Generalized Frequency Assignment Problem occurs whenp = p̃ is fixed, while frequency and
server assignments need to be established. A special case of the GFAP is probably the most addressed
problems in OR telecom applications, namely:

GFAP → FAP (Frequency Assignment Problem)
Bothp = p̃ ands = s̃ are fixed and we only need to establish optimal transmission frequencies
([2, 10]). Actually, in most cases a simplified model is considered, by neglecting multiple inter-
ference and by assuming that each testpoint is interfered by one transmitter at a time. By these
assumptions an instance of the FAP can be represented by means of a simple, undirected graph,
namely theinterference graph, and the FAP becomes the problem of finding a (generalized) max
k-cut in the interference graph. Indeed, this reduction introduces a modelling approximation
which is often unacceptable in practice. Even worse, we cannot tell if the actual optimal value is
approximated from above or from below.

FAP → NSIM (Wireless Network Simulation)
All of the radio-electrical parameters are fixed to(p̃, f̃ , s̃). In this setting, the PFAP reduces
to the problem of evaluating network coverageu().

PFAP→ PAP (Power assignment problem)
Frequencies are fixed tof = f̃ . UMTS planning may be considered as a specialized version of the PAP
([4, 9, 15]). A special case of PAP, namely theAntenna Siting Problem(ASP), is obtained whenp is
restricted to assume integer values, i.e.p ∈ {0, 1}|T |. In other words, (ASP) is the problem of selecting
a suitable set of reference signals to switch on and assign to testpoint as to maximize coverage.
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PAP→ WND (Wireless network design). Both frequenciesf = f̃ and serverss = s̃ are fixed.
This problem typically arises in practical network planning. In fact, in most practical cases both
transmission frequencies and service areas of the available transmitters are established in advance,
in order to fulfil specific service requirements, and the network engineers are left with the problem
of establishing suitable antenna diagrams, namely powers in the 36 horizontal directions .

WND→ NSIM (Wireless Network Simulation) All of the radio-electrical parameters are
fixed to(p̃, f̃ , s̃).

The complete problem hierarchy is depicted in Figure 1.
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Figure 1: Problem hierarchy

4. Solution approaches to the PFAP

The PFAP has been introduced in [14], where a Mixed Integer Linear Programming formulation based on
SIR inequality along with a primal heuristic are presented. The MILP model exhibits large integrality gap
when applied to large scale real-world instances and its practical applicability decreases as the number of
frequencies increases. A similar bad behavior has been reported in [9] and [15], where a SIR model is applied
to a restricted version of PFAP in which both site selection (transmitter activation status) and frequencies have
to be optimized.

In order to tackle large scale practical instances a possible solution strategy is to decompose PFAP into a
sequence of single-parameter subproblems, namely FAP and PAP, for which many effective algorithms are
available (see resp. [2] and [5] for references). We tested such an approach within different joint projects
with the Public Authority [1] and major broadcasters [14], concerning with the design of the Italian audio
and video broadcasting system. It turned out that using natural heuristic decompositions this approach does
not behave satisfactorily.

In two recent papers twoexactdecomposition approaches have been investigated. In [13] a non-compact set
packing formulation is obtained by Dantzig-Wolfe decomposition from the SIR model; in [12] a non-compact
set covering formulation is derived through Bender’s like decomposition.

A Dantzig-Wolfe decomposition approach to the PFAP The Dantzig-Wolfe decomposition principle al-
lows to reduce the PFAP to the solution of a sequence of the PAP, somehow imitating a most common practical
approach. The decomposition is based on a non compactSet Packingreformulation of the PFAP which turns
out to be very tight in an extensive computational experience. Remarkably, the column generation amounts to
solve instances of manageable size of the power assignment problem on a single frequency network. We test
the resulting branch-and-price algorithm on reference instances of the Italian Authority of Communications
[7]. The branch-and-price algorithm solves to optimality such very large scale instances, which are far behind
the solution tractability for the standard SIR formulation.
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A Bender’s like decomposition approach to the PFAP This decomposition is based on a non compact
Set Coveringreformulation of the PFAP, which can be traced back to the classical Bender’s reformulation
for MILP (see [8]). A set of testpointR is coverableif there exists a configuration triple such that all
of testpoints inR are covered. Clearly, ifR′ ⊆ R andR is coverable, thenR′ is also coverable. Thus,
denoting byI the family of the coverable sets of testpoints, the pair(R, I) is an independence system. It
is well known that the problem of finding a maximum weight independent set in an independence system
(R, I) can be formulated as the following set covering problem:min{∑r∈R cryr :

∑
r∈C yr ≥ 1, C ∈

C, y ∈ {0, 1}|R|}, whereC is the family of circuits ofI, c is a weight vector andy is the incidence vector
of the complement of an independent set. In our case, the circuit familyC corresponds to the family of
the uncoverable sets of testpoints, which grows exponentially with|R|. As a consequence, the practical
applicability of the above set covering formulation strongly depends on the definition of effective routines to
identify violated circuits. Since testpoints coverage is represented by a system of linear inequalities, circuit
identification can be reduced to identify suitable infeasible subsystems (IIS identification, see Amaldi et al.
[3]). Finally, as observed by Codato and Fischetti [8], violated set covering inequalities may be interpreted as
special cases of (combinatorial) Bender’s cuts. Computational testing shows that this reformulation is much
tighter than the natural MILP formulation and allows to solve to optimality otherwise unsolvable instances.

The above reformulations can be applied alternatively or jointly, depending on the specific instances we are
dealing with. In particular, the Dantzig-Wolfe approach is preferable whenever the column generation phase
can be tackled efficiently: analogously, the Bender’s like approach is workable if we have at hand efficient
separation routines to identify violated inequalities. This happens, for example, in solving instances of the
WND (see hierarchy), but also instances of other classes of optimization problems in wireless network design,
such as theTime Offset Optimization Problem[11]. Finally, the PAP instances encountered in the column
generation phase of the Dantzig-Wolfe decomposition approach may be well suited to be solved by means of
combinatorial Bender’s cuts.
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