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1. Introduction

Consider a partially ordered set(X,≺). We say that two elementsi, j ∈ X arecomparableif either i ≺ j
or j ≺ i. A chainC is defined as a subset ofX such that all elementsi, j ∈ C are pairwise comparable.
An antichainA is a subset ofX such that no two elementsi, j ∈ A are comparable. Thesizeof a chain (or
antichain) is equal to the number of elements contained in it (Trotter [10]).

Now, the problem of partitioning a partially ordered set(X,≺) into a minimal number of chains such that
each element ofX belongs to at least one chain, is a well-known, fundamental problem in operations research.
This problem is solvable in polynomial time, and the size of a maximum antichain is equal to the minimum
number of chains needed to cover all elements ofX (Dilworth [3]).

Shum and Trotter [9] generalize this problem by assuming that an integerB is given that bounds the size of a
chain. Thus, in this setting no more thanB elements can be in a chain. They show that the corresponding de-
cision problem isNP-complete (even for a fixedB = 3), and they study the facial structure of a formulation
of this problem.

In this work we further generalize this problem by assuming that a weightwi for eachi ∈ X is given such
that wi ≤ wj if i ≺ j. Moreover, we define the weight of a chainC asmax

i∈C
wi, and we refer to a chain

containing at mostB elements as aB-chain. The problem is now to partitionX into a minimum-weight set
of B-chains. We refer to this problem as Minimum Weight Partition intoB-chains, or MWPB. Observe that
whenwi = 1 for all i ∈ X the problem dealt with by Shum and Trotter [9] arises.

Applications

An application of MWPB is described in Moonen and Spieksma [7]. Given are a number of rectangular
shaped boxes, each with a given length`i and widthdi. These boxes need to be stacked on top of each other
such that if boxi is on top of boxj we havè i ≤ `j anddi ≤ dj . Thus, we must partition the set of boxes
into a number of “pyramid-shaped” stacks; moreover, each stack can contain at mostB boxes. The goal is
to minimize the total area of the stacks, where the area of a stack equals the area of its largest (bottom) item.
Observe that this corresponds to a special case of MWPB, wherewi = `i × di for eachi, and where the
partial order induced by the lengths and widths (i.e.,i ≺ j if and only if `i ≤ `j ∧ di ≤ dj) can be embedded
in two dimensions; in other words, the dimension of the partial order equals 2.

Other applications of MWPB can be found in the field of mutual exclusion scheduling (Baker and Coff-
man [1], Jansen [6]), also known as batch scheduling with job compatibilities (Boudhar [2], Finke et al. [4]).
In such a problem jobs are given, each with a given processing timepi, and for each pair of jobs it is known
whether they can be processed on the same machine. A machine can process at mostB jobs simultaneously,
and the time a machine needs equals the maximum processing time of the jobs assigned to that machine.
The problem is then to assign the jobs to the machines, respecting the compatibilities, while minimizing the
total time needed by the machines to process all jobs. To represent the job compatibilities, often a graph is
used; different types of graphs lead to different complexity results. In our setting, the graph corresponding to
the job compatibilities is a comparability graph (see Golumbic [5]), and the weights are the processing times
(i.e.,wi = pi for eachi). Notice that for our results to be applicable in this mutual exclusion scheduling we
need thatpi ≤ pj wheni ≺ j.



Our results

In this abstract we report the following results:

• Strengthening a result from Shum and Trotter [9], we show that MWPB isAPX -hard, rendering the
existence of a PTAS unlikely.

• We propose two lower bounds, each of which can be arbitrarily bad when compared to the value of
the optimum. The maximum of these lower bounds, however, is shown never to be less than half the
optimum value.

• We describe a simple algorithm that yields a solution with a value guaranteed not to exceed twice the
optimum value. The analysis is shown to be tight.

2. Complexity and Lower Bounds

Complexity

The decision problem corresponding to MWPB can be formulated as follows:

Given an integerB, a partial order(X,≺), weightswi, i ∈ X, and an integerK, does there exist a partition
of X into B-chains such that the sum of the weights of theB-chains does not exceedK?

As stated in Section 1, Shum and Trotter [9] prove that this decision problem isNP-complete. We can
strengthen their result:

Theorem 1 MWPB isAPX -hard, even if

• B = 3, and

• wi = 1 ∀i, and

• each element occurs in no more than 3 chains.

We refer to Moonen and Spieksma [8] for a proof.

Lower Bounds

Consider an instance of MWPB, containing an integerB andn elements, each with a weightwi, 1 ≤ i ≤ n.
We assume that the elements are ordered such thatw1 ≥ w2 ≥ . . . ≥ wn. Let OPT denote the value of an
optimal solution to the instance. We define three lower boundslbi, i = 1, 2, 3, as follows:

1. lb1 = w1 + wB+1 + . . . + w(d n
B e−1)B+1. Since the size of a chain cannot exceedB, lb1 is obviously

a lower bound forOPT .

2. When we omit the size constraint (i.e., if there is no restriction on the size of a chain), a relaxation
of problem MWPB appears. Solving this relaxation gives a minimum-weight set of chains with value
MWC. We setlb2 = MWC.

3. lb3 = max(lb1, lb2).

Theorem 2 We can calculate the value oflb2 by solving a min-cost flow problem.
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Proof: In order to compute the value oflb2, we create a directed graphD = (V,A). V contains2n + 2
nodes: 2 nodesi′ andi′′ for everyi ∈ X, a sources and a sinkt. We draw an arc froms to each nodei′, with
cost 0. Then we add an arc from each nodei′′ to t with costwi. Next, we add an arc from a nodei′ to its copy
i′′ with cost 0, and we add arcs from nodesi′′ to j′ if i ≺ j, also with cost 0. Finally we add an arc froms
to t with cost 0. All nodes have supply zero, except fors which has supplyn, andt, which has supply−n (a
demand ofn). All arc capacities are equal to 1, and for the arcs from a nodei′ to its copyi′′ we have a lower
bound on the flow of 1. Now, it is easily verified that a min-cost flow inD corresponds to a solution of the
relaxation of MWPB (i.e., the relaxation where the size constraint is not taken into account) and vice versa.�

Notice that this algorithm solves a weighted generalization of the classical result of Dilworth [3].

We now argue thatlb1 andlb2 can be arbitrarily bad, even in the unweighted case. Considerlb1, and suppose
we are given a problem instance withB = n, such that no two elements are comparable, and suppose that
each element has weight 1. One easily verifies thatOPT equalsn, while lb1 equals 1.

Next, considerlb2, and suppose we have a problem instance withB = 1, such that all elements are compara-
ble, and that each element has weight 1. Again,OPT equalsn, while lb2 gives a value of 1. So, we cannot
give a constant performance guarantee for either of these lower bounds. However, no instance exists where
both lower bounds are arbitrarily bad. Indeed, let us now consider the maximum of these two lower bounds,
lb3.

Claim 1 For each instance of MWPB:lb3 ≥ 1
2OPT . Moreover, this bound is tight.

We postpone the proof of this inequality to Theorem 3; we refer to [8] for an instance for which this bound is
tight.

3. A 2-approximation algorithm for MWPB

In this section we propose a 2-approximation algorithm for MWPB, and show that it is tight.

Consider the following heuristicH:

Step 1. Omit the size constraint, and find a minimum-weight set of chains as described in Theorem 2.

Step 2. For each chain consisting of sayK elementsi1, . . . , iK , with i1 � i2 � . . . � iK , partition it
into dK

B e B-chains such that elementsi(j−1)B+1, i(j−1)B+2, . . . , imin(jB,K) form B-chain j, j =
1, . . . , dK

B e.

Theorem 3 H is a 2-approximation algorithm for problem MWPB.

Proof: We assume that the elements are ordered such thatw1 ≥ w2 ≥ . . . ≥ wn. Suppose we find a
solution using heuristicH with valuevH , where in the first step we find a decomposition intop chains,
C1, ..., Cp. In the second step we partition each of thesep chains into a number ofB-chains. The maximal
elements of theB-chains that contain the maximal elements ofC` are referred to asi`, 1 ≤ ` ≤ p. All other
maximal elements ofB-chains are referred to asj`, 1 ≤ ` ≤ k. Assume, without loss of generality, that
j1 ≤ j2 ≤ . . . ≤ jk. Notice that we can associate to each itemj` a set ofB items that belong to the same
chain found in Step 1 asj`, and are the smallestB items that dominatej`. Let us refer to this set of items as
S(j`), 1 ≤ ` ≤ k.
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Claim 2 j` ≥ `B

Argument: Consider the setsS(j`), ` = 1, . . . , k. Since these sets are pairwise disjoint, the number of items
that must precedej`, 1 ≤ ` ≤ k, equals at least̀B. �

The inequality from Claim 2 implies
∑k

`=1 wj`
≤

∑k
`=1 w`B ≤ lb1. And, obviously,

∑p
`=1 wi`

= lb2.
Thus, we have thatvH =

∑p
`=1 wi`

+
∑k

`=1 wj`
≤ lb1 + lb2 ≤ 2OPT . Also, notice thatlb3 + lb3 ≥

lb1 + lb2 ≥ vH ≥ OPT , implying Theorem 3. �

In [8], instances are described that imply tightness of this 2-approximation algorithm.

4. Computational results

We implemented the 2-approximation algorithm in C++, using the CPLEX network solver to solve the min-
cost flow problems, and we tested it on a number of real-world and randomly generated problem instances of
MWPB. We use 3 different data sets for the experiments. The first data set contains 50 real-world instances
provided to us by Bruynzeel Storage Systems, the second data set contains 50 randomly generated instances,
and the third data set contains 50 randomly generated instances that have small clique-width (see Moonen
and Spieksma [7]). The problem instances for all three data sets contain between 20 and 200 elements. We
solve each problem instance for 5 different values ofB, so we have 250 experiments for each data set. (In
the real-world setting of Bruynzeel Storage System,B equals 12.) Since the computation times were 0.00
seconds, for all instances, we omit them from the tables with results.

Table 1: Results for lower bounds
B Data set 1 Data set 2 Data set 3

lb3 = lb1 lb3 = lb2 lb3 = lb1 lb3 = lb2 lb3 = lb1 lb3 = lb2

3 100% 0% 96% 4% 96% 4%
6 100% 0% 74% 26% 74% 26%
9 98% 2% 50% 50% 28% 72%
12 94% 6% 42% 58% 14% 86%
15 94% 6% 26% 74% 8% 92%

In Table 1 we compare the lower bounds. Aslb3 is defined as the maximum oflb1 andlb2, we want to know
how many timeslb3 equalslb1, and how many times it equalslb2. So in Table 1 we give, for each of the three
data sets, the percentage of the number of times thatlb3 equalslb1 and the number of times thatlb3 equalslb2.

Table 2: Results for data set 1: real-world instances
B lb1 lb2 lb3 vH ∆3 (%)

avg∆3 max∆3

3 1085.06 96.02 1085.06 1096.12 1.41 5.21
6 556.12 96.02 556.12 574.74 3.85 14.81
9 379.96 96.02 380.22 396.66 5.51 21.60
12 293.76 96.02 294.82 316.08 7.04 24.27
15 240.40 96.02 242.18 259.64 7.78 20.10

Tables 2, 3, and 4 show a comparison between the values of the three lower bounds and the value of the
2-approximation algorithm. In the first column we give the value ofB, and in the next four columns we show
the average values of the three lower bounds (lb1, lb2, andlb3) and the 2-approximation algorithm (vH ). Of
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Table 3: Results for data set 2: random instances
B lb1 lb2 lb3 vH ∆3 (%)

avg∆3 max∆3

3 6518.64 1508.44 6589.06 6935.18 9.72 24.09
6 3317.18 1508.44 3338.78 3877.36 15.66 26.17
9 2259.08 1508.44 2314.28 2867.24 15.03 27.10
12 1726.68 1508.44 1818.90 2348.64 14.21 30.51
15 1411.90 1508.44 1585.92 2066.94 13.05 31.92

Table 4: Results for data set 3: instances with small clique-width
B lb1 lb2 lb3 vH ∆3 (%)

avg∆3 max∆3

3 3215.70 1357.98 3219.66 3607.64 11.13 22.76
6 1686.28 1357.98 1765.54 2200.00 18.57 27.85
9 1177.96 1357.98 1451.42 1762.92 15.96 30.33
12 926.42 1357.98 1389.50 1574.78 11.15 27.43
15 775.38 1357.98 1364.50 1470.34 7.44 28.52

course, as can be seen in the third column, the value ofB does not influencelb2. Finally, the column labelled
∆3 shows the average (avg∆3) and the maximum (max∆3) difference between the values ofvH and lb3.
These differences are all given in percentages (i.e.,vH−lb3

vH
· 100%).

From these results we see that the performance of the lower bounds is very different for the different data
sets. For the first data set, that contains the real-world problem instances,lb1 is clearly better thanlb2: in
97.20% of all experiments, the value oflb1 is larger than the value oflb2. If we look at the second data set,
we see thatlb1 still performs better compared tolb2, but the percentage of experiments for whichlb1 is larger
thanlb2 is only 57.60% for data set 2. However, for data set 3 we see thatlb2 performs slightly better than
lb1: in 56.00% of all experiments the value oflb2 is larger than the value oflb1.

Next we compare the values oflb3 with the values of the approximation algorithm. The difference be-
tween the value of the approximation algorithm and the value oflb3 could get as large as 100%, however,
the maximum difference among all experiments from the three data sets is equal to 24.27% for data set 1,
31.92% for data set 2, and 30.33% for data set 3. The average difference for the three data sets equal 5.12%
for data set 1, 13.53% for data set 2, and 12.85% for data set 3.

5. Conclusions

In this abstract we discuss the problem of partitioning a weighted partially ordered set into chains of bounded
size. We established its complexity, proposed three lower bounds, and presented a 2-approximation algorithm
for solving it. The approximation algorithm is tested on a number of real-world and randomly generated
problem instances.
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