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Abstract

This paper deals with directed, bidirected, and undirectedcapacitated network design problems. We
generalize flow-cutset inequalities to these three link types and to an arbitrary modular link capacity struc-
ture, and propose a generic separation algorithm. In an extensive computational study on 54 instances from
the Survivable Network Design Library (SNDlib), we show that the performance of CPLEX can signifi-
cantly be enhanced by this class of cutting planes.
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Introduction

Capacitated network design is the task to assign capacity tothe links of a potential network topology by
selecting capacity modules (wavelengths, leased lines, STM-N capacities) from a discrete set such that given
communication demands can be satisfied and total installation cost is minimized. In this paper we revisit
polyhedral approaches based on cutsets for directed, bidirected and undirected link models [1, 4, 5, 7, 11].
Using mixed integer rounding (MIR), we generalize flow-cutset inequalities to these three link types and to
an arbitrary modular link capacity structure and propose a generic separation algorithm.

Our computational study comprises 54 instances covering all SNDlib [17] networks, the link typesDIRECTED,
UNDIRECTED, andBIDIRECTED as well as the capacity modelsMODULAR andEXPLICIT defined in SNDlib. In
all 54 cases, separating general flow-cutset inequalities improved the performance of CPLEX. In particular,
27 instances could be solved to optimality within one hour ofcomputation time, compared to 17 with the
default settings of CPLEX. The best solutions are available athttp://sndlib.zib.de.

A network instance is given by a directed graphG = (V, A) (DIRECTED link model) or an undirected graph
G = (V, E) (BIDIRECTED and UNDIRECTED link model), a setM of installable modules, and a setK of
commodities. For undirected graphsG = (V, E) we defineA := {(i, j), (j, i) : e = ij ∈ E} to be the
set of arcs obtained by bidirecting all edges ofE. A modulem ∈ M has a capacitycm ∈ Z+\{0}. With
everyk ∈ K we associate a vectordk ∈ Z

V of demands such that
∑

v∈V dk
v = 0, assuming a fractional

multi-commodity flow routing.

Let N ∈ {0, 1,−1}V×A be the node-arc incidence matrix corresponding toV andA and definexm
a , xm

e to
be the number of installed modules of typem ∈ M on arca ∈ A or edgee ∈ E, respectively. Furthermore,
let fk ∈ R

A
+ be the flow vector corresponding to commodityk ∈ K. The network design polyhedra for the

link modelsDIRECTED, BIDIRECTED, andUNDIRECTED are given byPdi := conv(Xdi), Pbi := conv(Xbi),
andPun := conv(Xun), where

Xdi = {(f, x) ∈ R
A×K
+ × Z

A×M
+ : Nfk = dk ∀k ∈ K,

∑

k∈K

fk
a ≤

∑

m∈M

cmxm
a ∀a ∈ A},

Xbi = {(f, x) ∈ R
A×K
+ × Z

E×M
+ : Nfk = dk ∀k ∈ K, max(

∑

k∈K

fk
ij ,

∑

k∈K

fk
ji) ≤

∑

m∈M

cmxm
e ∀e=ij ∈ E},

Xun = {(f, x) ∈ R
A×K
+ × Z

E×M
+ : Nfk = dk ∀k ∈ K,

∑

k∈K

(fk
ij + fk

ji) ≤
∑

m∈M

cmxm
e ∀e=ij ∈ E}.

In addition to thisMODULAR capacity model, we also consider theEXPLICIT capacity model where the con-
straints

∑

m∈M xm
a ≤ 1, a ∈ A, are added to theDIRECTEDformulation (similarly for the other link models).

The objective is to minimize a linear function incorporating flow and module cost over these polyhedra.
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General flow-cutset inequalities

In this section, we present flow-cutset inequalities generalizing those which have been presented in [1, 5,
7, 11, 12, 13] for special cases of the network design problems considered in this paper. We derive them
by aggregating model constraints on a cut in the network and applying a subadditive MIR function to the
coefficients of the resulting inequality. As shown in [1, 16], these inequalities are facet-defining for the
network design polyhedraPdi, Pun, andPbi under rather general conditions.

We will now introduce the necessary notation related to the network cut, followed by the definition of the
subadditive MIR function. Consider a cut defined by a subsetS of the supply nodesV and letQ be a subset
of the commoditiesK. For UNDIRECTED andBIDIRECTED models, letES be the undirected cut{e = ij ∈
E : i ∈ S, j ∈ V \S} with (not necessarily disjoint) subsetsE1, E2 ⊆ ES (see Figure 1(a)). Similarly, for
DIRECTEDmodels, defineA+

S := {(i, j) ∈ A : i ∈ S, j ∈ V \S} andA−
S := {(i, j) ∈ A : j ∈ S, i ∈ V \S},

and consider subsetsA+
1 ⊆ A+

S , A−
2 ⊆ A−

S , andĀ+
1 := A+

S \A
+
1 (see Figure 1(b)). When speaking of flow

across the cut, the setsA+
1 , Ā+

1 , undA−
2 are also used forUNDIRECTEDandBIDIRECTED models. In this case,

the setsA+
1 , Ā+

1 correspond to forward flow on edges ofE1 and its complement with respect to the cut while
A−

2 corresponds to backward flow on edges ofE2.

E2

S V \ S

d
Q
S

E1 ES

(a) Undirected cut and selected cut edges

A−
S

A+

1

S V \ S

d
Q
S

A+

S

A−
2

(b) Directed cut and selected cut arcs

Figure 1: Network cuts

Let fQ(A∗) denote the total flow on some subsetA∗ of the arcsA with respect toQ, i. e., fQ(A∗) :=
∑

k∈Q

∑

a∈A∗ fk
a , and letxm(A∗) :=

∑

a∈A∗ xm
a be the total number of modules of typem ∈ M on arcs

of A∗. The valuexm(E∗) :=
∑

e∈E∗ xm
e is defined analogously for undirected edgesE∗ ⊆ E.

In the following, the nodesetS and the commodity subsetQ are fixed. LetdQ
S :=

∑

v∈S

∑

k∈Q dk
v be the

total demand value with respect toQ over the cut defined byS, wheredk
S := d

{k}
S for k ∈ Q. Furthermore,

let K+
S := {k ∈ K : dk

S > 0} andK−
S := {k ∈ K : dk

S < 0} be the commodity subsets with positive
and negative demand over the cut, respectively. Without loss of generality we can assume thatK−

S = ∅ for
UNDIRECTED link models by reversing demand directions (which is done implicitly in our algorithms).

We will now define the subadditive function used to derive general flow-cutset inequalities in Proposition 1.
Let a, c, d ∈ R with c > 0 and d

c
/∈ Z, and definea+ := max(0, a) anda− := min(0, a). Furthermore, let

r(a, c) := a−c(⌈a
c
⌉−1) > 0 be the remainder of the division ofa by c if a

c
/∈ Z, andc otherwise. A function

F : R → R is calledsubadditiveif F (a) + F (b) ≥ F (a + b) andsuperadditiveif F (a) + F (b) ≤ F (a + b)
for all a, b ∈ R.

Lemma 1. The functionFd,c : R → R defined by

Fd,c(a) := ⌈a
c
⌉r(d, c) − (r(d, c) − r(a, c))+

is subadditive and nondecreasing withFd,c(0) = 0 andF̄d,c(a) := limtց0
Fd,c(at)

t
= a+ for all a ∈ R.

Proof. Definefx := x − ⌊x⌋ for x ∈ R and letϕd : R → R defined by

ϕd(a) := ⌊a⌋ +
(fa − fd)

+

1 − fd

be the MIR-function for≤-base-inequalities with right-hand sided. The functionϕd is superadditive and
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nondecreasing withϕd(0) = 0. Furthermore, ifd /∈ Z then

lim
tց0

ϕd(at)

t
=

a−

1 − fd

for all a ∈ R (see [15,§II.1.7]). Using the definitions and the relationcf−a

c

= c − r(−a, c), it is easy to see

thatFd,c(a) = −r(d, c) · ϕ− d
c
(−a

c
), which immediately gives the result.

By Theorem 7.4 of [15,§II.1], functions with the properties described in Lemma 1 can be used to derive valid
inequalities by applying them to the coefficients of valid base inequalities. The functionFd,c can be seen as
the1/c-MIR function for≥-base-inequalities with right-hand sided and scaled by the factorr(d, c). Notice
thatFd,c(a), F̄d,c(a) are integral ifa, c, andd are integral. Moreover,|Fd,c(a)| ≤ |a| holds for alla ∈ R,
as shown in [16]. From a numerical point of view, both properties are desirable in a cutting plane algorithm.
Similar subadditive and superadditive functions based on MIR have been considered in [1, 2, 3].

Proposition 1 ([1, 16]). For any t ∈ M , let Ft := F
d

Q

S
,ct and F̄t := F̄

d
Q

S
,ct . The general flow-cutset

inequality

fQ(Ā+
1 ) − fQ(A−

2 ) +
∑

m∈M

Ft(c
m)xm(A+

1 ) +
∑

m∈M

(cm + Ft(−cm))xm(A−
2 ) ≥ Ft(d

Q
S ) (1)

is valid forPdi, whereas the following general flow-cutset inequality is valid for Pbi andPun:

fQ(Ā+
1 ) − fQ(A−

2 ) +
∑

m∈M

Ft(c
m)xm(E1) +

∑

m∈M

(cm + Ft(−cm))xm(E2) ≥ Ft(d
Q
S ). (2)

Proof. By aggregating model inequalities and substitutingf̄Q(A−
2 ) :=

∑

m∈M cmxm(A−
2 ) − fQ(A−

2 ), the
following base inequality is valid forPdi:

fQ(Ā+
1 ) + f̄Q(A−

2 ) +
∑

m∈M

cm
(

xm(A+
1 ) − xm(A−

2 )
)

≥ dQ
S . (3)

Similarly, the following inequality is valid forPbi andPun:

fQ(Ā+
1 ) + f̄Q(A−

2 ) +
∑

m∈M

cm
(

xm(E1) − xm(E2)
)

≥ dQ
S . (4)

Applying the functionFt := F
d

Q

S
,ct to all coefficients of module variables and̄Ft := F̄

d
Q

S
,ct to all coefficients

of flow variables in (3) and (4) yields inequalities (1) and (2), respectively. Notice that̄Ft(1) = 1. The
proposition follows then by Lemma 1, [15,§II.1 Theorem 7.4] and resubstitutinḡfQ(A−

2 ).

Flow-cutset inequalities can easily be generalized to arc-dependent module sets. IfA−
2 = ∅ (or E2 = ∅)

anddQ
S ≥ 0, the flow-cutset inequalities (1), (2) can be strengthened by rounding down all left-hand side

coefficients to the value of the right-hand side. For ease of exposition, we leave out these generalizations and
strengthenings in the following discussion. Necessary andsufficient conditions for (1) and (2) to define facets
of their corresponding polyhedra can be found in [1] and [16], respectively.

Inequalities (1) and (2) generalize large classes of known valid inequalities for network design polyhedra. In
particular, by choosingA−

2 = ∅ (E2 = ∅) andA+
1 = A+

S (E1 = ES) as well asQ = K+
S , they reduce to

the well-known cutset inequalities that contain only module variables [1, 4, 5, 13]. The general flow-cutset
inequality (1) forDIRECTED models and|M | = 1 was introduced by Chopra et al. [7]. The first to study
the multi-facility case with arbitrary capacity structureis Atamtürk [1] in the context of the directed cutset
polyhedron. For the lifting functionsφ+

t , φ−
t used to lift the inequalities from the single-facility to the multi-

facility case in [1] it holds thatφ+
t (a) = Ft(a) andφ−

t (a) = (cm + Ft(−a)) for a ∈ R [16]. Inequality
(2) is the analogon of (1) for undirected networks. Magnantiet al. [11, 12, 13] study cutset inequalities for
UNDIRECTEDmodels with up to three modules for the special case of divisible capacities. Simple flow-cutset
inequalities withE2 = ∅ and|M | = 2 have been studied by Bienstock and Günlük [5].

In the light of [14], general flow-cutset inequalities are derived by Aggregating, Substituting, Scalingand
MIR. In fact, the functionFt is responsible for the last two steps. It scales the base inequalities (3), (4)
with 1/ct and then applies MIR. There are also relations to the conceptof simultaneous (subadditive) lifting
[1, 2, 3, 10].
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Separation

Given one of the network design polyhedraPdi, Pbi andPun and a (fractional) point̂p = (f̂ , x̂), the separation
problem for general flow-cutset inequalities reduces to theproblem of simultaneously determining a nodeset
S ⊂ V , a commodity subsetQ ⊆ K, arc or edge subsets of the cut and a modulet ∈ M leading to a
most violated inequality. Atamtürk [1] shows that this problem is alreadyNP-hard in the special case of a
single point-to-point commodity. For general commodities, Barahona [4] proves that finding a most violated
cutset inequality isNP-hard by reduction from themaxcut-problem. For a fixed nodesetS, the complexity
of simultaneously determiningQ andA+

1 , A−
2 (E1, E2) is an open question. For fixedS andQ, however,

suitable subsets of the cut arcs (cut edges) can be identifiedin linear time for everyt ∈ M , as shown in [1].

Our generic separation heuristic is based on decomposing the separation problem. It combines ideas from
[1, 5, 6, 8, 13]:

1. Contract the network and enumerate all cuts of the resulting partition. For every modulet ∈ M check
the corresponding cutset inequality for violation.

2. Given a nodesetS, heuristically compute promising commodity subsetsQ.

3. For givenS andQ and for allt ∈ M , exactly determine subsetsA+
1 , A−

2 or E1, E2 leading to the most
violated general flow-cutset inequality of type (1) or (2).

The second and third step are only executed if no violated cutset inequalities have been found in the first
step during several iterations. Among all identified violated inequalities, we add only those to the current LP
which have a large distance to the pointp̂ and which are not too orthogonal to the objective function.

Finding a nodesetS To determine cutsets we generalize a heuristic proposed by Bienstock et al. [6] and
Günlük [8]. Given weightswa, we for the arcs and edges of the network, we iteratively shrink the arc (edge)
with the largest weight (deleting loops). We apply this procedure until the shrunken graph has a predefined
number of nodes (usually 3 or 4), and enumerate all cuts in that graph.

Given a fractional LP solution, letsa, se be the slacks andπa, πe the dual values related to the capacity
constraints of arca or edgee. For theBIDIRECTED link model there are two capacity constraints for every
edgee = ij and we define slacks and duals to besij , sji, πij , πji. We define the arc (edge) weights as

DIRECTED link model: wa :=sa − |πa| a ∈ A

BIDIRECTED link model: we :=min(sij , sji) − max(|πij |, |πji|) e = ij ∈ E

UNDIRECTED link model: we :=se − |πe| e ∈ E.

The idea is to concentrate on cuts that have many arcs (edges)with small slack to raise the chance of obtaining
a violated general flow-cutset inequality. Considering dual values provides a second sorting criterion for the
common case that many capacity constraints are tight w. r. t.the current LP solution.

Finding a commodity subsetQ In general no efficient way is known of computing a commodity subset
that leads to a most violated general flow-cutset inequality. We concentrate on commodity subsetsQ with
Q ⊆ K+

S or by symmetryQ ⊆ K−
S (exchangingS andV \S). Similar to [1, 5, 6], we iterate all singleton

commodity subsets, some commodity subsetsQ with |Q| = 2, and the whole commodity subsetK+
S (K−

S ).

Finding subsetsA+
1 and A−

2 (or E1 and E2) GivenS ⊂ V , Q ⊆ K andt ∈ M , we derive a most violated
general flow-cutset inequality for theDIRECTED link model [1] in linear time by defining

A+
1 := {a ∈ δ+(S) :

∑

m∈M

Ft(c
m)x̂m

a < f̂Q
a }, A−

2 := {a ∈ δ+(S) :
∑

m∈M

(cm + Ft(−cm))x̂m
a < f̂Q

a }.

Similarly, for theBIDIRECTED andUNDIRECTED link models [16], we define

E1 := {e=ij ∈ δ(S) :
∑

m∈M

Ft(c
m)x̂m

e < f̂Q
ij }, E2 := {e=ij ∈ δ(S) :

∑

m∈M

(cm + Ft(−cm))x̂m
e < f̂Q

ji}.
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Results

We tested the Branch & Cut approach on all instances of SNDlib[17] with the following model specifications:
link modelsDIRECTED, BIDIRECTED or UNDIRECTED, link capacitiesMODULAR or EXPLICIT, no fixed-charge
costs, continuous routing allowing all paths, no hop limitsand no survivability. These are54 problem in-
stances in total (4 DIRECTED, 25 BIDIRECTED, 25 UNDIRECTED). The number of nodes ranges from10 to 65,
the number of links ranges from18 to 172, whereas the number of demands varies from22 to 1869. The
maximum number of modules was11 for MODULAR link capacity models (27 cases) and55 for EXPLICIT

models (27 cases).

We used CPLEX 10.0 [9] in the default mode (cplex) and compared its performance to our algorithm that
augments CPLEX by the presented separation routine. In the root node and in every fourth depth of the search
tree our separation heuristic was applied to separate either cutset inequalities only (cplex + ci) or general flow-
cutset inequalities (cplex + ci + fci) as described in the previous section. All computations were performed
on a 3Ghz x86 machine with 2GB of RAM and a time limit of one hour.

(a) Easy test instances –MODULAR (b) Hard test instances –MODULAR

(c) Easy test instances –EXPLICIT (d) Hard test instances –EXPLICIT

Figure 2: Average improvements by adding general flow-cutset inequalities

The described separation scheme performed much better thandefault CPLEX. Figure 2 shows the average
improvements made when adding general flow-cutset inequalities to the initial formulation, comparing the
solution time (time), the number of visited nodes (nodes), the lower and upper bounds (lower, upper) and
the final gap (gap). All values are given as a ratio to the values obtained by default CPLEX and averaged
over all problem instances. We refer to27 of the given problem instances aseasysince our algorithm solved
them to optimality. Default CPLEX could not solve10 of these instances within the time or memory limit.
Hence the actual improvement is even greater than shown in Figure 2(a) and 2(c). For the easy instances we
could reduce the computation time by more than70% for MODULAR problems and by more than50% for
EXPLICIT models. For the remaininghard instances, we were able to reduce the overall gap by almost50%
for MODULAR and by almost30% for EXPLICIT problems.

It can be seen that cutset inequalities are responsible for most of the progress. The performance is only
slightly better when the larger class of general flow-cutsetinequalities is considered. For almost all of the
instances we had no difficulties in finding violated general flow-cutset inequalities. The problem is to find
the best ones. We believe that a more elaborate selection of cuts and commodity subsets might increase the
impact of these inequalities.
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