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1. Introduction

In many multiple criteria optimization problems preserving fairness among individual outcomes becomes
an important issue. This is particularly true for systems that are designed for multiple users or services
like computer or telecommunication networks. In this paper we investigate a new approach to the resource
allocation preserving the, so called, Max-Min Fairness (MMF) in the solution. We analyze its applicability
to a hard discrete multiple commodity network flow problem, where the flow (bandwidth) for each pair of
nodes is allocated to exactly one path chosen from a predefined set.

There is no common definition of fairness. Intuitively, one wants the uniform criteria to be treated equally
and impartially. For example, in the multiple users system resources can be allocated in a way that each user
gets the same outcome. Obviously, this approach becomes inefficient when, for some reason, one of the users
can get only very small value because then everyone gets the same small value. One of the ways to overcome
this difficulty is the application the so called Max-Min Fairness concept. This allows to achieve not only fair
solutions but also decently efficient in terms of the system utilization.

Let us follow the idea of the MMF concept basing on the example of the resource allocation in a multiuser
system. In the first step we allocate as much of the resources as possible, with the assumption that the outcome
value for all users stays the same. This corresponds to the max-min optimization, i.e. maximization of the
worst outcome. In the second step we maximize the second smallest outcome (provided that the smallest one
remains as large as possible). In the third step we maximize the third smallest (provided that the two smallest
remain as large as possible), and so on. Formally, Max-Min Fairness corresponds to the lexicographic Max-
Min and it can be seen as searching for a vector lexicographically maximal in the space of the feasible vectors
with components rearranged in the non-decreasing order.

The lexicographic Max-Min solution is known in the game theory as the nucleolus of a matrix game. It
originates from an idea [4] to select from the optimal strategy set those which allow one to exploit mistakes
of the opponent optimally. It has been later refined to the formal nucleolus definition [15]. The concept
was early considered in the Tschebyscheff approximation [16] as a refinement taking into account the second
largest deviation, the third one and further to be hierarchically minimized. Similar refinement of the fuzzy
set operations has been recently analyzed [5]. Within the telecommunications or network applications the
lexicographic Max-Min approach has appeared already in [2] and now under the name Max-Min Fairness
(MMF) is treated as one of the standard fairness concepts [14]. The LMM approach has been used for
general linear programming multiple criteria problems [1, 9], as well as for specialized problems related
to (multiperiod) resource allocation [7, 8] or decision under risk ([12] and references therein). The LMM
approach has been considered also for various discrete optimization problems [3, 6] including the location-
allocation ones [11].

In the previous work in this area the definition of the LMM solution concept was expressed with a direct
formula including some mixed integer variables. On the contrary, we show that introduction of some artificial
criteria with auxiliary linear variables and inequalities allows to model and solve the LMM problem in a more
efficient way.



2. Problem description

The generic problem, we consider here, may be stated as follows. One or many resources are to be allocated
to a setJ = {1, 2, . . . ,m} of competing users, processes, services, etc. LetQ be a feasible set of resource
allocation decisions. The effect of the decisionx ∈ Q on the servicej ∈ J is measured by uniform individual
objective functionsyj = fj(x). The goal is to preserve the fairness of the decisions while keeping the highest
system utilization possible. The fairness is achieved by application of the lexicographic maximinimization
assumed, without loss of generality, that higher value of the individual objective function means better.

As stated before, the lexicographic maximinimization can be seen as searching for a vector lexicographically
maximal in the space of the feasible vectors with components rearranged in the non-decreasing order. This
can be mathematically formalized as follows. Let〈a〉 = (a〈1〉, a〈2〉, . . . , a〈m〉) denote the vector obtained
froma by rearranging its components in the non-decreasing order. That meansa〈1〉 ≤ a〈2〉 ≤ . . . ≤ a〈m〉 and
there exists a permutationπ of setJ such thata〈j〉 = aπ(j) for j = 1, 2, . . . ,m. Comparing lexicographically
such ordered vectors〈y〉 one gets the so-called lex-min order. The lexicographic Max-Min problem can be
then represented in the following way.

lexmax {(y〈1〉, y〈2〉, . . . , y〈m〉) : y ∈ A} (1)

whereA = {y : y = f(x), x ∈ Q}. The problems considered here are not necessarily convex, which means
that we cannot apply the approach common for the LP problems [10] where dominating objective functions
constant on the entire optimal set of the max-min problem were identified and eliminated in the successive
steps of the sequential max-min optimization.

3. Direct models

In the classic approach introduced by Yager [17], eachk-th valuey〈k〉 can be expressed by the mixed-integer
programming model:

y〈k〉 = max {tk : tk − yj ≤ Czkj , zkj ∈ {0, 1} ∀j,
∑
j∈J zkj ≤ k − 1}

whereC is a sufficiently large constant (larger than any possible difference between various individual out-
comesyj) which allows us to enforce inequalitytk ≤ yj for zkj = 0 while ignoring it forzkj = 1. Hence,
the lexicographic Max-Min problem (1) can be written as a standard lexicographic maximization:

lexmax (t1, t2, . . . , tm)
s.t. tk − yj ≤ Czkj , zkj ∈ {0, 1} ∀ j, k∑

j∈J zkj ≤ k − 1 ∀ k
y ∈ A

(2)

Unfortunately, binary variableszkj in the auxiliary constraints contribute to implementation difficulties of
this model. There is, however, a way to reformulate the above model so that only linear variables are used.

Let us consider cumulated criteriāθk(y) =
∑k
i=1 y〈i〉 expressing, respectively: the worst (smallest) outcome,

the total of the two worst outcomes, the total of the three worst outcomes, etc. Within the lexicographic
optimization a cumulation of criteria does not affect the optimal solution. Hence, the LMM problem can be
formulated as the standard lexicographic maximization with cumulated ordered outcomes:

lexmax {(θ̄1(y), . . . , θ̄m(y)) : y ∈ A}

This allows us to simplify dramatically the optimization problem sinceθ̄k(y) = min {
∑
j∈J yjukj :∑

j∈J ukj = k, 0 ≤ ukj ≤ 1 ∀j} and taking advantages of the LP duality, allows us to findθ̄k(y) as
the optimal value of the following LP problem (without use of any integer variables):

θ̄k(y) = max {ktk −
∑
j∈J dkj : tk − dkj ≤ yj , dkj ≥ 0 ∀ j}. (3)
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It follows from (3) that θ̄k(y) = max {ktk −
∑
j∈J(tk − fj(x))+ : x ∈ Q }, where(.)+ denotes the

nonnegative part of a number andtk is an auxiliary (unbounded) variable. The latter, with the necessary
adaptation to the minimized outcomes in location problems, is equivalent to the computational formulation
of thek–centrum model introduced in [13].

Now, every optimal solution to the LMM problem (1) can be found as an optimal solution to a standard
lexicographic optimization problem with predefined linear criteria:

lexmax [t1 −
∑
j∈J d1j , 2t2 −

∑
j∈J d2j , . . . ,mtm −

∑
j∈J dmj ]

s.t. tk − dkj ≤ yj , dkj ≥ 0 ∀ j, k
y ∈ A.

(4)

This direct lexicographic formulation remains valid for nonconvex (e.g. discrete) feasible setsQ, where
the standard sequential approaches [8, 9] are not applicable [11]. Note that model (4) does not use integer
variables and it can be considered as an LP expansion of the original max-min problem. Thus, this model
preserves the problem’s convexity if the original problem is defined with a convex feasible setQ and concave
objective functionsfj . The size of the problem is quadratic with respect to the number of outcomes (m2+m
auxiliary variables andm2 constraints).

4. Ordered values

For some discrete optimization problems one may try to reformulate the above model taking advantage of the
finiteness of the set of all possible outcome values. LetV = {v1, v2, . . . , vr} (wherev1 < v2 < . . . < vr)
denote the set of all attainable outcomes (all possible values of the individual objective functionsfj for
x ∈ Q). Now, instead of maximizing the worst value, then maximizing the second worst value (provided that
the worst one remains as large as possible), and so on, one may try to minimize the number of the outcomes
equal tov1, then to minimize the number of the outcomes equal tov2 (provided that the number of outcomes
equal tov1 remains as small as possible), and so on.

Let hk(y) (k = 1, 2, . . . , r) be the number of valuesvk in the outcome vectory. The LMM solution concept
can be expressed in terms of the standard lexicographic minimization problem with objectiveshk(y) [10]:

lexmin {(h1(y), . . . , hr(y)) : y ∈ A} (5)

Unfortunately, for functionshk there is no simple analytical formula allowing to minimize them without use
of some auxiliary integer variables. This difficulty can be overcome by taking advantage of possible weighting
and cumulating achievements in lexicographic optimization, one may eliminate auxiliary integer variables
from the achievement functions. For this purpose we introduceĥ(y) which denotes the total shortage of
individual objective functions tovk

ĥk(y) =
∑k−1
l=1 (vl+1 − vl)h̄l(y) =

∑
j∈J(vk − yj)+

whereh̄k =
∑k
l=1 hl(y) andĥ1(y) = 0 for any outcome vector. Due to positive differencesvl+1 − vl > 0,

the lexicographic minimization problem (5) is equivalent to the lexicographic problem with objectivesĥk(y):

lexmin {(ĥ2(y), . . . , ĥr(y)) : y ∈ A}

Moreover, such defined criteria are piecewise linear convex function [10] which allow to compute them
directly by the minimization:

ĥk(y) = min{
∑
j∈J hkj : hkj ≥ vk − yj , hkj ≥ 0 ∀ j}

Therefore, every optimal solution to the LMM problem (1) can be found as an optimal solution to a standard
lexicographic optimization problem with predefined linear criteria:

lexmin [
∑
j∈J h2j ,

∑
j∈J h3j , . . . ,

∑
j∈J hrj ]

s.t. hkj ≥ vk − yj , hkj ≥ 0 ∀ j, k
y ∈ A.

(6)

3



One may notice that the above approach can also be applied to problems with the infinite set of all possible
outcome values. In this case, however, the resulting vectory is only the approximation of the LMM solution
achieved by solving model (4). Certainly, its accuracy depends on the applied grid of thevk values. The
advantage of this approach is the ability to control accuracy versus computational efficiency. Additionally the
distribution ofvk values in the outcome space can be freely chosen – it can be uniform but also, for example,
exponential.

5. Computational experiments

We used multiple commodity network flow problem to perform some initial tests. Let us consider a network
G consisting of a setV of nodes and of a setE of undirected links, each with given capacityce (e ∈ E).
There is also a setJ = {1, 2, . . . ,m} of services defined in the network. Each servicej ∈ J depends on
a flow between the given pair of nodes. The flow can be routed on exactly one path chosen from a given
setPj predefined for each service. The objective is to allocate bandwidth to competing services preserving
Max-Min Fairness. We do not make any assumptions about the set of possible bandwidth values that can
be allocated. It means that in case of the ordered values approach the resulting allocation will only be an
approximation to the exact solution.

Let δejp (e ∈ E, j ∈ J , p ∈ Pj) be input parameter defining available paths for all services (δejp equals1 if
and only if linke belongs to pathp of the servicej). Letxjp (j ∈ J , p ∈ Pj) denote the bandwidth allocated
to pathp of the servicej and letujp be the binary flag of that allocation. Using auxiliary variabley = (yj)
(j ∈ J) that denotes vector of individual objective values we can express the considered problem as

yj =
∑
p∈Pd xjp, j ∈ J

xjp ≤Mujp, j ∈ J, p ∈ Pd∑
p∈Pd ujp = 1, j ∈ J∑
j∈J

∑
p∈Pd δejpxjpj ≤ ce, e ∈ E

xjp ≥ 0, ujp ∈ {0, 1} j ∈ J, p ∈ Pd

(7)

with the objective lexmax (y〈1〉, y〈2〉, . . . , y〈m〉), whereM is a sufficiently big constant.

For the experiments we used a set of10 randomly generated problems for each tested size. The problem
generation procedure was following. First, we created random but consistent network structure. Then, we
chose random node pairs to define services. For each service3 different possible flow routes between the
two nodes were generated. Two of them were fully random and one was the shortest path between the nodes
(with smallest number of links). We decided to use the integer grid of thevk values in the ordered values
approach, that is to check each integer value from the feasible set of objective values. In this case the number
of steps depends on the range of the feasible objective values. Although it is not possible to fully control
this parameter in randomly generated problems, we managed to restrict the number of steps to the range of5
to 10 applying different link capacities for different problem sizes.

We analyzed the performance of the three models, i.e. classic (2), ordered outcomes (4) and ordered values (6)
with the conditiony ∈ A replaced by (7). Each model was computed using standard algorithm [17] for
lexicographic optimization with predefined objective functions (lexmax{(g1(y), . . . , gm(y)) : y ∈ Y }):

Step 0: Putk := 1.
Step 1: Solve problemPk:

max
y∈Y
{τk; τk ≤ gk(y), τ0j ≤ gj(y) ∀j < k}

and denote the optimal solution by(y0, τ0k ).
Step 2: If k = m, thenSTOP (y0 is optimal solution).

Otherwise, putk := k + 1 and go toStep 1.

For example, the algorithm for the ordered outcomes approach worked according to the above scheme with
functionsgk defined asktk −

∑
j∈J dkj . Let k = 1. Following (4), we built initial problemP1 with the
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objectiveτ1 = t1 −
∑
j∈J d1j being maximized andm constraints of the formt1 − d1j ≤ yj , j = 1 . . .m.

The expressiony ∈ A of (4) was replaced by (7). Each new problemPk in subsequent iterations (k > 1) was
built by adding new constraintsτ0k−1 ≤ tk−1 −

∑
j∈J dk−1,j andtk − dkj ≤ yj , j = 1 . . .m to problem

Pk−1, whereτ0k−1 was the optimal objective value ofPk−1. Similar algorithm was performed for the classic
as well as for the ordered values approach. The difference was in the objective and auxiliary constraints,
as defined in (2) and (6), respectively. All the tests were performed on the Pentium IV 1.7GHz computer
employing the CPLEX 9.1 package.

Table 1: Computation times (in seconds) for different solution approaches.

number of number of number of services
of nodes of links 5 10 20 30 45

classic 5 10 0.0 1.2
approach 10 20 0.0 6.8 – – –
model (1) 15 30 0.0 3.9 – – –
ordered 5 10 0.0 0.2

outcomes 10 20 0.0 1.3 362.9 – –
model (4) 15 30 0.1 1.0 578.0 – –
ordered 5 10 0.1 0.1
values 10 20 0.0 0.3 4.1 235.0 7100.5

model (6) 15 30 0.1 0.3 7.1 472.4 8105.7

Table 1 presents solution times for the three approaches being analyzed. The times are averages of10 ran-
domly generated problems. The upper index denotes the number of tests out of10 for which the timeout of
120 seconds occurred. The minus sign ’–’ shows that the timeout occurred for all10 test problems. One can
notice that while for smaller problems with number of services equal5 all three approaches perform very
well, for bigger problems only the ordered values approach gives acceptable results.

Table 2: Computation times (in seconds) for problems with increased link capacities.

number of number of number of services
of nodes of links 5 10 20 30 45

ordered 5 10 0.1 0.1
values 10 20 0.1 1.3 23.8 474.3 –

model (6) 15 30 0.1 1.2 33.9 8108.0 –

To check how the number of steps in the ordered values approach influences the test results we also performed
similar experiments increasing this time the capacities of the links. The number of steps was restricted to the
range of15 to 25. In Table 2 we present the computing times only for the ordered values approach as for
the other two methods no significant change in performance was observed. As one can see, although the
computing times are bigger than in the previous tests, it still outperforms classical and ordered outcomes
approaches.

6. Concluding remarks

As lexicographic minimization in the lexicographic Max-Min optimization is not applied to any specific order
of the original criteria, the LMM optimization can be very hard to implement in general nonconvex (possibly
discrete) problems. We have shown that introduction of some artificial criteria with auxiliary linear variables
and inequalities allows one to model and solve the LMM problems in a very efficient way. We have tested
computational performance of the presented models for certain multiple commodity network flow problem.
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